Using identities to find sin 18°

By the double-angle formula for sine, we know that

sin 72° = 2sin 36° cos 36° and
sin 36° = 2sin 18° cos 18° ,

so multiplying the two equations together gives

sin 72° sin 36° = 4 sin 36° cos 36° sin 18° cos 18° .

But sin 72° = c0s(90° — 72°) = cos 18°, and this substitution into the above equation allows some cancellation:
1cos18°sim36° = 45in36° cos 36° sin 18° cos 18~
Dividing both sides by 2 yields:

1
— = 2cos 36° sin 18° (D

By the product-to-sum formula 2cos A sin B = sin(A +B) — sin(A —B) with A =36° and B = 18°, we get
2 cos 36° sin 18° = sin 54° — sin 18°,
which combined with equation (1) gives

sin 54° — sin 18° = , and so

cos 36° — sin 18°
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since sin 54° = cos (90° — 54°) = cos 36°. Also, by the factorization a? — b2 = (a + b)(a — b), we have

(cos 36° +sin 18°)% — (cos 36° — sin 18°)% = (cos 36° +sin 18° + (cos 36° — sin 18°)) (cos 36° + sin 18° — (cos 36° — sin 18°))

(2 cos 36°) (2sin 18°) = 2(2cos 36° sin18°) , so

(cos 36° +sin 18")2 — (cos 36° —sin 18°)2 1 by equation (1), and thus

(cos 36° +sin 18")2
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1+ (cos 36° —sin 18")2 =1+ (5) =1 by equation (2), so

5
cos 36° + sin 18° = g 3)

Since cos 36° +sin 18° —(cos 36° —sin 18°) = 2 sin 18°, subtracting equation (2) from equation (3) gives

5 1
2sin 18° = £ — = ,andso
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sin 18° = v5 .
4
Note that this allows us to find cos 18°:
2
5-1 10+2v5 10+2v5
cos®18° = 1-sin? 18° = 1—(\/_4 ) = 1—6\/_ = cos18°:T\/_



